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Fig. 3 Computation by the SELCO method (M_00=2.2, wedge
angle = 22.3 deg). Continuous lines show the exact solution for a) sur-
face pressure coefficient and b) surface entropy.

actly. All of this is the result of the proper cell orientation
toward the shock wave.

Skewing the entire grid can help to resolve accurately only
one shock wave and only on the condition that the shock wave
angle is known prior to the solution, so it could not be applied
effectively. But if skewing of the cell can be done locally in the
region of the oblique shock, it can improve the accuracy of the
shock wave simulation.

The proposed SELCO method does the cell reorientation
locally. The method consists of the following steps:

1) Integrate the Euler equations by the Godunov method.
2) Define the approximate shock location and the shock

angle using the expressions for oblique shocks2 (based on the
fact that pressure is calculated accurately by the Godunov
method).

3) Rotate the cell edges that are directed along the shock
about their middle points on the shock wave angle. So, after
rotation, two of the cell edges will be parallel locally to the
shock wave surface.

4) Calculate the fluxes on the new edges of the cell.
5) Integrate the Euler equations in the new cell.
All these additional steps do not add much computational

work, because the cell reorientation should be done only in the
vicinity of the shock wave. If the shock cculd be resolved on
one grid point, only one cell would be transformed. Our ex-
perience has shown that there is no need to extend the SELCO
procedure on the cells ahead and behind the shock wave
surface.

In Fig. 3 results are shown for the same flow condition as in
previous cases': supersonic flow with M_0 0=2.2 over the
wedge of 22.3 deg. Calculations were done on the grid shown
in Fig. 1 and in this case the SELCO method was applied. It
can be concluded from the results presented in Fig. 3 that the
accuracy of the shock wave modeling using the SELCO
method approaches that demonstrated previously for the com-
pletely skewed grid and is superior to the accuracy of the
standard Godunov method. The shock thickness in this case is
minimal and much more improved compared to the simula-
tion by the original Godunov method. Oscillations, very small
in amplitude, could be observed behind the shock wave in Fig.
3. We think that they are a result of imperfect interpolation of
the left- and right-side values for the Riemann problems on the
upper and lower edges of the transformed cell.

Conclusions
It has been demonstrated that inaccurate modeling of the

oblique shock waves produced by the Godunov method is the
result of the obliqueness of the shock wave with respect to the
edges of the cells of the computational grid covering the do-
main of integration. It is also shown that only when the shock
surface is parallel to the two opposite edges of the cell can the
oblique shock be accurately calculated.

A new method of local cell orientation (SELCO method) is
proposed in order to allow local reorientation of the cells in
the vicinity of the shock waves. The efficiency of the SELCO
method is demonstrated for the simulation of the oblique
shock waves in the supersonic flow using Euler equations.

Although the new SELCO method was demonstrated with
the Godunov scheme, it will be effective in applications to
other upwind methods that use the finite volume formulation.
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Introduction

T HE stationary response of a stable time-invariant linear
system subjected to various random excitations have

been found in analytical form through complex modal
analysis.1'4 Combined with a statistical linearization tech-
nique, this method can also be applied to a nonlinear system,
whether its linear part is classically damped or not. Mean-
while, no restrictions will be imposed on the excitation ex-
cept the Gaussian assumption. The new method may be
regarded as a generalization of Caughey's normal mode ap-
proach to nonlinear random vibration problems.5

Complex Modal Analysis
Consider the following multi-degree-of-freedom nonlinear

system:

= w ( t )

where ra, c, and k are mass, damping, and stiffness matrices
respectively, and N(x,x) is a nonlinear function. The ran-
dom excitation w ( t ) is assumed to be Gaussian with zero
mean and one of the following correlation function matrices:
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for white noise (case 1),

Rw(T)=2irDd(T)

or for first-order filtered white noise (case 2),

or for second-order filtered white noise (case 3),

Rw(T)=2irD(ce<*]Tl +C^ |T|), c = complex number

where D is a real symmetrical non-negative matrix.
The original linear part of system (1) may be written as:

mx + cx + kx = w ( t ) (2)

When the damping is below critical, all of the eigenvalues
and eigenvectors appear as complex conjugates, and the
eigenvalue matrix may be written as

The corresponding modal matrix is:

U=[PuT U T ] T , u=[ul...unul...un]

Using the complex modal transform:

[XT xT]T=Uz

we can reduce Eq. (1) to a system of first-order equations
with the complex modal response z:

(3)

with

n(z) = M-luTN(uPz,uz) = [/!/

f(t)=M~luTw(t)

/ ]

Equation (3) may also be written in scalar form,

Zi—PiZi + ni(z)=fj(t), /=1,2,...,2« (4)

Now we may apply the statistical linearization technique to
Eq. (4). By assuming an equivalent linear system in the
form:

(5)

an equation error, ei9 is obtained as

Rendering <e/e/> to be a minimum, we may determine the
equivalent coefficient /?/ as (see Appendix)

pi=pi-<ni(z)zi>/<zizi)9 /=!,...,2

The formula for <z/Z/> is1"3

<ZiZj> = ~gij/(Pi +PJ) =Ry, for case 1

f 1 1 1(ZiZ; > = Rif ——— + ——— , for case 2JLa—pi a—psj

(6)

(7a)

(7b)

<ZfZj > - - Rij \c ( — l—— + — 4J Jl \ps + q Pi +

c( ———— + ——— ) L for case 3
\p5 + q Pi + q/l

where gtj is the element of the following matrix G:

(7c)

(8)

Since the unknown coefficients pf in Eq. (4) are themselves
functions of the responses z/, an iteration procedure is re-
quired. Once we obtain the equivalent linear system, the cor-
relation function matrix of the modal response, R Z ( T ) , can
be obtained, and that of the system response x may be writ-
ten as

Rx(r)=uRz(r)uT

As an example, let us consider the problem of nonlinear
suspension6 which leads to the following system of equa-
tions:

/) a
mx{ + maxi +——V=F l Ix2 + Ibx2 + -— V=F2 (9a)

ox\ d%2

where m and / are the mass and moment of inertia of the
suspended body, xl and x2 the translation and rotation of
the body, and F{ and F2 stationary Gaussian white noise ex-
citations with zero mean. The potential nonlinearity of the
suspension, V9 may be approximated by

where e is assumed to be a small quantity. System (9a) may
be rewritten as:

where

and

with

X2 + C2X2 + k2X2 + N2 (Xl ,X2) =/2

c{=a, kl=2K1/m, fl=Fl/m

c2 = b, k2 = 2K2/I f2=F2/I

(9b)

! = rnx\ 9 N2 =

4ehl 2eh*
I ' r22--

2x3
2

4eh->

The eigenvalue matrix of the system is

P\P o l TA oL o pY p L o p
where

Pi=Al

P2=A2+JB2 = -C2.

The modal matrices with order 2x4 and 4x4 are,
respectively:
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By the complex modal transform,

[*! x2 xl x2]T=Uz=U[zl z2 Z3 Z4]T

Equation (9b) can be reduced to

z-Pz + N(z)=M~luTf

Table 1 Numerical results for case 1

where

N2]T=[n,(z) n2(z)

2 / O -*-' ' ~ O

After some elementary operations, we have

n 4 ( z ) ] T

l/B2

B2<n2(z)z2> =

4 > [3r22Re<z2z~2 + Z2z~4> + r21

+ 2r21Im<ZiZ~4-ZiZ2>Re<z1z~4

i + ZiZ~3>]

i + ZiZ~3>Re<z2z~4+z2z2>]

According to Eq. (8) we have

-B-IDB~I

From Eq. (7 a), we have

4A1B2

= ~ ^»l2
n ^ > Im<z1z"2>= —

Dl2d2

2BlB2ds

^2

Re<z2z"4> =

where

D2

^ d2=B{-B2, d3=Bi+B2

2, d6=A2^B2
l9 d7=A2

2+B2
2

Iteration cycles
q
k\
c2k2
<*?>

<*?>>

Table 2

Iteration cycles
q
kl
c2
k2

<*?>
<4>

RMA

14
0.989

68.838
2.003

104.621
0.2936
0.1909

Numerical

RMA

17
0.992

68.402
2.003

104.218
0.2908
0.1641

CMA

18
1.1677

65.675
2.032

104.468
0.2609
0.1885

results for case 2

CMA

27
1.171

66.192
2.030

104.356
0.2592
0.1618

OLP

1
1

49.25
2

101
0.4061
0.1980

OLP

1
1

49.25
2

101
0.4488
0.1720

According to Eq. (9), we have (see Appendix)

bt= -
/=1,2

From these equations we can obtain #, and bt through itera-
tion. For

Cl = l, c2 = 2, ^=49.25, A:2 = 101,

rn=20, r12 = 10, r21=2.5, A*22 = 5,

D11=20, jD12 = 10, and D22 = 40

both the real modal analysis (RMA)7 and complex modal
analysis (CMA) are used to solve this problem. The response
of the original linear part (OLP) is taken simply for
reference. The numerical results, with an iteration accuracy
of order 10~5, are shown in Table 1.

For filtered white noise excitation, we can use Eqs. (7b)
and (7c) to calculate the covariances and obtain the solution.
For example, consider the above example under first-order
filtered white noise excitation. For

Cl = l, c2 = 2, ^=49.25, £2 = 101,

rn =20, r12 = 10, r21=2.5, r22 = 5,

Z>n = 160, Z>12 = 80, Z)22 = 320, and a =10

the numerical results, with the iteration accuracy of order
10~5, are shown in Table 2.

By comparing the results for typical examples, it is
shown8'9 that all of the statistical linearization approaches,
including Caughey's, Iwan and Yang's, and Atalik's, have
comparable accuracies, which appear to be well within the
requirements of practical engineering analysis. So does the
generalized normal mode approach. The difference between
the results of the real and complex analyses stems from the
different minimum error criteria used in the two alternative
analyses.
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Conclusion
By using the complex modal analysis,1"4 Caughey's normal

mode approach to nonlinear random vibration problems has
been successfully generalized in two respects. First, the ran-
dom excitation may be white or colored noise, and no
restrictions will be imposed on the correlations among the
random excitations. Second, the linear part of the nonlinear
system may be an arbitrary linear damped system. The
generalization expands the usefulness of the normal mode
approach and retains the previous computational advan-
tages. The generalization does not address the limitation on
the nonlinearity per se, which remains the same as in
Caughey's approach.

Appendix
By using an equivalent linear element in place of the

system nonlinearity, an equation error, ei9 is obtained as

3Fang, T. and Wang, Z. N., "Modal Analysis of Stationary
Response to Second Order Filtered White Noise Excitation," AIAA
Journal, to be published.

4Fang, T. and Wang, Z. N., "Mean Square Response to Band-
Limited White Noise Excitation," AIAA Journal, to be published.

5Caughey, T. K., "Equivalent Linearization Techniques," Jour-
nal of the Acoustical Society of America, Vol. 35, No. 11, 1963, pp.
1706-1711.

6Ariaratnam, S. T., "Random Vibrations of Nonlinear Suspen-
sions," Journal of Mechanical Engineering Science, Vol. 2, No. 3,
1960, pp. 195-201.

7Wang, Z. N., "Modal Analysis of Random Vibrations and Time
Domain Identification of Modal Parameters," Dr. Thesis, North-
western Polytechnical University, China, 1984.

8Iwan, W. D. and Yang, I. M., "Application of Statistical
Linearization Techniques to Nonlinear MDF Systems," Journal of
Applied Mechanics, Transactions of ASME, Vol. 39, No. 2, 1972,
pp. 545-549.

9Atalik, T. S., "Stationary Random Response of Nonlinear MDF
Systems by a Direct Equivalent Linearization Technique," Ph.D.
Thesis, Duke University, Durham, NC, 1974.

Letting

we have

Buckling of Irregular Plates
by Splined Finite Strips

The parameters a and b may be determined by rendering the
mean square value <e/e/> to be a minimum, i.e.,

(Al)

The necessary (and also sufficient in this case) conditions for
Eq. (Al) to be true are

eiei)=Q9 (d/db)<eiei)=0

These conditions lead to

(A2)

Combining the last two equations into a single complex one,
we obtain

Hence

Because

pi=pi-(nizi}/{zizi}

(d2/db2)<eiei}=2<niniy>0

Pi makes <e/e/> a minimum.
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Introduction

THIS Note presents the results of an investigation into an
alternative finite strip method developed using cubic

x-spline functions. The buckling of constant-thickness plates
with rectangular shapes has been investigated by many
authors. The assumptions made are those of the classical plate
theory as described by Timoshenko and Gere. * The stability of
plates using the finite element method was developed by
Kapur and Hartz,2 Anderson et al.,3 and others. The finite
strip method, with polynomials in the x direction and con-
tinuous differentiate smooth (trigonometric) series in the y
direction,4'5 is a powerful method for problems defined in rec-
tangular domains, including plates with stiffeners. The
modified finite strip method was developed for the flexural
analysis of irregular plates, using spline functions instead of
trigonometric series.6 With this formulation, rectangular,
nonrectangular, irregular-shaped, two-dimensional problems
can be investigated. Buckling analysis of nonrectangular
plates, such as trapezoidal and polygonal plates, is presented.

Theory of Buckling
The finite element theory of elastic stability of plates has

been developed by Anderson et al.3 The algebraic equation of
the stability problem of a plate is as follows:

(1)

This is an eigenvalue problem similar to the vibration prob-
lem.7 It is equivalent to the determination of the eigenvalue of
the following determinant as indicated by Cheung et al.8
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